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1. INTRODUCTION

It is clear that, beyond some threshold of accuracy, any
astronomical problem has to be formulated within the
framework of Einstein’s theory of gravity (general relativity
theory, or GRT). Many high-precision astronomical tech-
niques have already passed this threshold. For example,

The IAU resolutions on relativity represent a post-
Newtonian framework allowing one to model any kind of
astronomical observation in a rigorous, self-consistent
manner with accuracies that are sufficient for the coming
decades. They replace the old IAU relativistic framework,
which was insufficient for many reasons discussed above.
These new resolutions, however, are not expected to lead to
dramatic changes. In fact, in many fields of application the
models presently in use are already fully compatible with
the new IAU resolutions, and in this sense the IAU resolu-
tions officially fix the status quo. Let us give some examples
of this.
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General Relativistic Accelerometer-based Propagation Environment (GRAPE):
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Determining the components of /Ca

In the local frame (L) of the spacecraft we have
QL
u® = (c,0,0,0)

so that given the definition

Ua [P =0

we find

fi =(0,K%)

where the ]CZ are provided to GRAPE by end-users
using either accelerometer data or specific dynamical
models. From there, the “global” force are obtained

using the tetrad formalism (See O’Leary & Barriot,
2021 for further explicit details).




GRAPE: Earth, Mercury and Solar orbiter examples
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Table 1 Molniya (M), Parker Solar Probe (PSP) and Mercury Planetary Orbiter (MPO) orbital inclination,
i, period T, semi-major axis a and geocentric, heliocentric and hermiocentric apoapsis r, and periapsis rp
radial distances, respectively

Spacecraft i [deg] rq |km] rp [km] T [sec] a [km]
Molniya 63.4 43370 7650 39480.49 25060
Parker Solar Probe 3.4 110 x 109 6.7 x 100 7687503.77 5835x 104

Mercury Planetary Orbiter 90 3940 2920 8503.42 3430




GRAPE Test Examples:
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Fig. 1 Evolution of spacecraft proper time with global coordinate time where §t =t — t
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GRAPE: A practical example (work in progress)
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GRAPE: Moving forward

® Present practical extension of GRAPE with archival Cassini data at the ISSFD 2022

® Implement appropriate local force modelling using details given in Moyer 2000

® Correct SPICE library output for reference frame transformations and light time
solutions using appropriate IAU recommendations and by numerically solving null
geodesic equation (including effects due to plasma).

® Use GRAPE for PN parameter estimation (see Bertotti, 2003)

® Release GRAPE for public use (JOSS plus Github repo)




Backup slides GRAPE: A practical example explained (work in progress)
® Input metric: NASA's JPL n-body metric tensor components (See Moyer Sect 2, 2000 )
®*Set f* =0
® Use GRAPE to generate ephemeris for duration of Cassini GWE

® Create GRAPE SPICE Kernel using NASA’s mkspk executable
(https://naif.jpl.nasa.gov/pub/naif/toolkit docs/FORTRAN/ug/mkspk.html)

® Use SPICE SPKEZR to obtain light-time solution
(https://naif.jpl.nasa.gov/pub/naif/toolkit docs/FORTRAN/spicelib/spkezr.html)

® Correct SPICE light-time solution due to space-time curvature (See Moyer Sect 8, 2000)

® Generate pre-fit residuals for SPICE and GRAPE estimates.



https://naif.jpl.nasa.gov/pub/naif/toolkit_docs/FORTRAN/ug/mkspk.html
https://naif.jpl.nasa.gov/pub/naif/toolkit_docs/FORTRAN/spicelib/spkezr.html

Backup slides: Very brief biography

O PhD completed at the University of South Australia in 2019

O Research assistant with the Space Environment Research Centre (SERC)
O Semi-analytic satellite theory

O Industry research fellow with EOS Space Systems
O Nonlinear state and parameter estimation
O Operational astrodynamics

O Recently started a postdoc at the University of Melbourne
O Parameter estimation for HMXB systems in the Small Magellanic Cloud.




Backup slides: On the nature of non-gravitational forces in general relativity
T = 0% + 5%, 4)

where we define the stress tensor according to S*? and we interpret @*? as the energy-
momentum of an isolated test particle or system of non-interacting test particles defined in
terms of mass density p and test particle four-velocity u® according to @*f = pu®u”.

It is well established that the conservation equation

vV, T% =0, (5)

gives rise to the geodesic equation of motion in the absence of stresses (S* = 0). In the
case where S*# = 0, we find

V0% = pKP, (6)

where we have introduced the force density KCP associated with an arbitrary non-gravitational
force f# and we have V,S8* = —pKP. Eq. (6) is equivalently expressed as

pu®VouP +uP Ve (pu®) = pk’, (7)

Thus, the complete system of equations of motion describing the perturbed motion of space-
craft subject to an external perturbation f¢ employed in GRAPE are given by

f* = uﬂvﬁu“ = Kpg (g"‘/3 — u“uﬁ/cz) : 9)



